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The Tired Messenger Problem 
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Jim Stevenson 

Here is another challenging problem from the Polish Mathematical 

Olympiads ([1]).  Its generality will cause more thought than for a 

simpler, specific problem. 

A cyclist sets off from point O and rides with constant velocity v 

along a rectilinear highway.  A messenger, who is at a distance a from 

point O and at a distance b from the highway, wants to deliver a letter to 

the cyclist.  What is the minimum velocity with which the messenger 

should run in order to attain his objective? 

 

 

 

My Solution 

Case 1.  Figure 1 shows the general setting 

for the problem for the case where the cyclist 

heads toward the messenger.  The point on the 

horizontal road where the messenger running at 

speed vM meets the cyclist traveling at speed vC 

is labeled x.  Since the distances a and b are not 

specified, we need to consider all values and 

how they affect the problem.   

First, note that 0 ≤ b ≤ a, since b is the 

minimum distance to the road.  If b = 0, then the 

messenger is already on the road and can just wait for the cyclist, in which case his minimum speed is 

vM = 0.  So assume b > 0.  Furthermore, if b = a, the cyclist is no longer heading toward the 

messenger, so we will postpone that situation to Case 2.  Therefore we consider 0 < b < a. 

The times taken for the cyclist and the messenger to meet are the same, say time t.  Consider the 

distances traveled by each in that time: 
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Eliminating t yields 
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So vM is minimal when r(x) is.  Differentiate r(x) with respect to x and set it to zero.  Then 
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Figure 1  Case 1 
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Now r'(x) < 0 when x < 222 / bab −  and r'(x) > 0 when x > 222 / bab − .  Therefore x = 222 / bab −  

is a minimum point for r(x), and at this point the minimum value of r(x) is b/a.  So the minimum 

speed for the messenger vM is given by 
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After checking the Olympiad solution I realized my parameterization obscured a significant 

result, namely that the messenger’s path to the road should be perpendicular to line OM.   Figure 2 

shows the values of the lengths of the paths when the minimal solution for x (x = 222 / bab − ) is 

substituted.   Then  
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means the sum of the squares of the legs equals the square of the hypotenuse, and so the triangle is a 

right triangle. 

  

Figure 2 Figure 3 

As a approaches b, the point of meeting at x with minimal speed for the messenger of 

vM = (b/a)vC moves further and further away, approaching infinity (Figure 3), and the slower speed of 

the messenger would approach the speed of the cyclist. 

Case 2.  Figure 4 shows the general 

setting for the problem for the case where the 

cyclist heads away from the messenger.  Now 

we assume 0 < b ≤ a. that is, we include the 

case when a = b.  We then have  
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Eliminating t yields 
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Now  

 
Figure 4  Case 2 
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for all x > 0.  Therefore r(x) has no minimum for x > 0.  Furthermore, 
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and r(x) → 1 as x → ∞.  (Also r(x) → ∞ as x → 0.)  So the messenger will always have to run faster 

than the cyclist pedals to meet him at any point x, and his speed approaches that of the cyclist as the 

meeting point moves further away. 

Olympiads Solution 

Again I provide the images of the Olympiads solutions on p.4 below.  The Olympiads solutions 

avoid calculus. 
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Olympiad Solution 

 

 

Method I. 
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Method II. 
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Method III. 


