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Parallel Lines Problem 
13 March 2024 

Jim Stevenson 

This is an interesting problem from the collection Five 

Hundred Mathematical Challenges ([1]). 

Problem 251.  Let ABCD be a square, F be the midpoint of 

DC, and E be any point on AB such that AE > EB.  Determine N on 

BC such that DE || FN.  Prove that EN is tangent to the inscribed 

circle of the square. 

My Solution 

First, I considered the perpendicular to the putative tangent 

line through the center of the square (circle) (Figure 1).  The idea is 

to show it is of length r, the radius of the inscribed circle (= ½ the 

side of the square).  Then that would show the line is tangent to the 

circle. 

Plane Geometry Approach. Adding the horizontal (dashed) line and diagonal shown in Figure 

2, it is “clear” from the diagram that the two right triangles are congruent, and so the perpendicular is 

of length r.  But try as I might, I could not prove the triangles were congruent.  There must be a way, 

but I could not see it.  In particular, I could not see how to involve the two parallel blue lines. 

  
 

Figure 1 Figure 2 Figure 3 

Analytic Geometry Approach.  Therefore, I resorted to a sledgehammer approach using analytic 

geometry, which admittedly is interesting in its own right.  Consider the problem as labeled in Figure 

3.  Then from the parallel blue lines we have 

ar

r

r

br

+
=

+
=

2
tanθ     abrbarbrarr +++=++= )())((2 22  

So we have  abrbar 2)(22 2
=+−  (1) 

and rbaabr )(2
+=−  (2) 

which we will need later.  (So the analytic geometry approach provided a way to involve the parallel 

blue lines.) 

Now we develop the equations for the red and green straight lines and find their intersection point 
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(x, y).   Let m be the slope of the red line.  Then  
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Now we want to show x
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From equation (2)  
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and from equation (1)  
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So equation (3) becomes  
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which is what we wanted to show (Figure 4). 

Analytic geometry solutions are always a bit unsatisfactory, 

since they mask geometric reasoning behind algebraic 

manipulations which follow their own logic. 

Apparently Five Hundred Mathematical Challenges couldn’t 

find a slick plane geometry solution either.  All their solutions 

involve a fair number of computations too. 

 

 
 

Figure 4 
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Five Hundred Mathematical Challenges Solutions 
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