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Coming across this classic geometric paradox recently
Ok, where is it? Where's what?) 1n Futility Closet ([1]) motivated me to write down its
|| ‘ 7 || solution in detail.
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Where did the empty square come from?
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In any case, this is the canonical example for why I
avoid visual geometric proofs—you can be so easily
fooled. Real proofs require plane or analytic geometry
arguments.

— — Solution

The key to the solution is to realize the stacked colored
geometric shapes do not exactly fill a triangle (Figure 1).
The deviation (in red) is exaggerated in Figure 2 to show what is happening.
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Figure 1 Figure 2

The supposed triangular boundary is shown in black in Figure 2. The triangle has an altitude of
12 units and base of 5 units. If the green triangle on the left hand side of Figure 2 were similar to the
black triangle, then its base would be x, where

12/5=7/x = x=35/12.
But that falls short of the actual base of 3 by Ax where
Ax =3 -x=36/12-35/12=1/12.

Similarly, if the blue triangle on the right hand side of Figure 2 were similar to the black triangle,
then its base would be y, where
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12/5=5ly = y=25/12.
But that exceeds the actual base of 2 by Ay where
Ay=y-2=25/12-24/12=1/12.

So the excess of the area of the shape on the left hand side, including the blank square, over the
area of the black triangle is

W“WAXS+12AxT=12Ax12=".
And the deficiency of the area of the shape on the right hand side from that of the black triangle is
WAy T+Y2Ay5=Y2Ay 12 ="A.
So the difference in area between the two shapes is
a+h=1,

the area of the phantom missing square. What a difference a tiny sliver makes.
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