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This is yet another series offered by Presh Talwalkar.'

12 24 13-
Sl AtptmEtuttate What is the value of the following sum?
High School 12 22 32 42 n?
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College
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PhD Level f)=1+x+x%+ -

Talwalkar gives hints for three possible approaches to
the solution.

My Solution

. . 2 . .
I proceed as in previous cases,” namely, via power series. Let

H(x)= z n’x"
n=1
Then H(*2) = S. Now H(x) suggests differentiation of the geometric power series (where we can
differentiate converging power series term-by-term just as if they were polynomials. This is why
Newton used them so much in his work.). Let F(x) be the geometric series

F()c)zzlx”=1+x+xz+x3+...=L < 1
pry 1-x
Then F'(x):Z:nx”_l:1+2x+3xz+4x3+...:;2
n=1 (1_X)
1
and F'(x)=——
(1-x)
Let G(x)=xF'(x) =Y nx" = x+2x" + 32" +4x* +...:ﬁ
n=1 - X
Then G'(x)sz"(x)+F'(x)=in2x”_l:1+4x+9x2+16x3+ -—* 4 !
o 1-x° (1-x’
= 2 1+ x)
and Hx)=xG'(x)=S n’x" = X*F"(x) + xF'(x) = —~ 4+~ = X
(x) = xG'(x) Z )+ XF' () = S T T = ey
1.3
SO S=H(})=25=6
(2)
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https://mindyourdecisions.com/blog/2023/12/04/sum-of-n-squared-over-2-to-n/
Such as, “Autumn Sum” (https://josmfs.net/2020/10/24/autumn-sum/) and “Winter ~Sum”
(https://josmfs.net/2022/01/15/winter-sum/).
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Talwalkar Solutions

First we will check for convergence.
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Now let’s solve it in a few ways.

Method 1: pattern

S=172"+222+372° + ...+ 0’2" + ...
S=1/2+4/4+9/8 +16/16 +25/32 + ...
2S=1+4/2+9/4 + 16/8 + 25/16 + ...
25-S=8S=1+3/2+5/4+7/8+9/16 + ...
S—1=3/2+5/4+7/8+9/16 + ...
2S-1)=3+52+7/4+9/8 + ...
25-1)—-S=2+2/2+2/4+2/8 + ...
Simplifying both sides we get:
S-2=2+1+12+1/4+ ...
S-2=2+1/(1-1/2)

§-2=2+2
So we have: S=6
Method 2: sequences
12 22 32 42 ?’7.2
S =it tatmtotn

=2 (n + 1)? 2
8= Zﬁ - o+l L om
=i

n=0 n=0

o Do(n+l)2 2
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The sequence n/2" is an arithmetico-geometric series” and the series 1/2" is a standard geometric
series.

(Wikipedia) The summation of this infinite sequence is known as an arithmetico-geometric series,
and its most basic form has been called Gabriel's staircase:

oo
7

krk = , for0<r<l1
2 =Ty

I prefer derivations to memorization of formulas, so I would derive this result directly. In fact,
note that this is the same as my G(x) above, thatis, G(r)=r F'(r)y=r/(1 - . So G(¥5) = 2.

Method 3: generating function
This is the same as my solution.
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* https://en.wikipedia.org/wiki/Arithmetico-geometric_sequence
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