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Jim Stevenson 

This is a most surprising and amazing identity from the 1965 Polish 

Mathematical Olympiads ([1]). 

31.  Prove that if n is a natural number, then we have 

(√2 – 1)
n
 = √m – √(m – 1), 

where m is a natural number.   

Here, natural numbers are 1, 2, 3, … 

I found it to be quite challenging, as all the Polish Math Olympiad 

problems seem to be. 

My Solution 

We will proceed by mathematical induction, but it is a bit 

complicated.  As mentioned in earlier posts, for example “Surprising Identity”,
1
 the basic principle is 

as follows: 

Principle of Mathematical Induction: 

Given: (i)   Statement P(n) associated with each natural number n = 1, 2, 3, … 

 (ii) P(1) is true. 

 (iii) For all natural numbers k = 1, 2, 3, … , if P(k) is true, then P(k+1) is true. 

Then: For all natural numbers n = 1, 2, 3, …. , P(n) is true. 

Provisionally, we can define P(n): (√2 – 1)
n
 = √m – √(m – 1), for some natural number m.  We 

wish to get a more refined expression for m.  To get an idea how that might work in this case we look 

at some initial statements.     

When n = 1, we have 

(√2 – 1)
1
 = √2 – √1  

and so the pattern holds trivially.  For n = 2, we have 

(√2 – 1)
2
 = (√2 – 1) (√2 – 1) = 2 – 2√2 + 1 = 3 – 2√2 = √9 – √8   

and so the pattern holds.  Finally, consider n = 3. 

(√2 – 1)
3
 = (√2 – 1)

 2
 (√2 – 1) = (3 – 2√2) (√2 – 1) = 5√2 – 7 = √50 – √49. 

Again the statement  P(n): (√2 – 1)
n
 = √m – √(m – 1) holds for n = 3. 

In the process we notice another pattern, namely 

(a – b√2) (√2 – 1) = a'√2 – b'  and  (a√2 – b) (√2 – 1) = a' – b'√2 

The position of √2 oscillates between the first term and the second term on each iteration.  Let’s 

codify this.  P(n) is (√2 – 1)
n
 = an√2 – bn  when n is odd (because it satisfies that pattern for n = 1) and 

P(n) is (√2 – 1)
n
 = an – bn√2 when n is even  (because it satisfies that pattern for n = 2). 

                                                           
1
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Now we consider the “induction step” (iii).   

Assume k is even and P(k) is true.  Then  

P(k) is  (√2 – 1)
k
 = ak – bk√2 = √ak

2
 – √(2bk

2
) 

where ak
2
 – 1 = 2bk

2
. 

Now  (√2 – 1)
k+1

 =  (√2 – 1)
k 
(√2 – 1) = (ak – bk√2) (√2 – 1) =  (ak + bk)√2 – (ak + 2bk) 

so define ak+1 = ak + bk  and   bk+1 =  ak + 2bk 

Then (√2 – 1)
k+1

 =  ak+1√2 – bk+1 = √(2 ak+1
2
) – √bk+1

2
 

Now 2ak+1
2
 – 1 = bk+1

2
 

if and only if (iff) 2(ak + bk)
2
 – 1 = (ak + 2bk)

2
 

iff 2(ak
2
 + 2 ak bk + bk

2
) – 1 = ak

2
 + 4 ak bk + 4bk

2
 

iff 2ak
2
 + 4 ak bk + 2bk

2
 – 1 = ak

2
 + 4 ak bk + 4bk

2
 

iff ak
2
 – 1 = 2bk

2
 

which is true from P(k).  Therefore P(k)  P(k+1) when k is even. 

Assume k is odd and P(k) is true.  Then  

P(k) is  (√2 – 1)
k
 = √2 ak – bk = √(2ak

2
) – bk

2
 

where 2ak
2
 – 1 = bk

2
. 

Now  (√2 – 1)
k+1

 =  (√2 – 1)
k 
(√2 – 1) = (√2ak – bk) (√2 – 1) =  (2ak + bk) – (ak + bk)√2 

so define ak+1 = 2ak + bk  and   bk+1 =  ak + bk 

Then (√2 – 1)
k+1

 =  ak+1 – bk+1√2= √ak+1
2
 – √(2bk+1

2
) 

Now ak+1
2
 – 1 = 2bk+1

2
 

iff (2ak + bk)
2
 – 1 = 2(ak + bk)

2
 

iff 4ak
2
 + 4 ak bk + bk

2
 – 1 = 2(ak

2
 + 2 ak bk + bk

2
) 

iff 4ak
2
 + 4 ak bk + bk

2
 – 1 = 2ak

2
 + 4 ak bk + 2bk

2
 

iff 2ak
2
 – 1 = bk

2
 

which is true from P(k).  Therefore P(k)  P(k+1) when k is odd. 

Therefore, we have shown P(1) is true, and for all k = 1, 2, 3, … P(k)  P(k+1) is true.  

Therefore, for all natural numbers n, there is a natural number m, such that  

P(n): (√2 – 1)
n
 = √m – √(m – 1) 

is true. 
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Olympiad Solution 

Again I present their solutions as images below (p.4).  It turns out their Method I is what I 

thought of, only with the addition of a neat observation that eliminated the even/odd separation of 

cases.  In skimming their solutions, there seemed to be a question whether some of the operations 

resulted in a natural number.  It didn’t seem that I had to worry about that in my solution. 
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