Three Triangles Puzzle
19 October 2022

Jim Stevenson

This is a nice little puzzle from the late Nick Berry’s
Datagenetics Blog ([1]).

A quick little puzzle this week. (I tried to track down the
original source, but reached a dead-end with a web search as the
site that hosted it, a blogspot page under the name fivetriangles
appears password protected, and no longer maintained). ...

There are three identical triangles with aligned bases (in the original problem, it is stated they are
equilateral, but I don't think that really matters; Any congruent triangles will do, and I'm going to use
isosceles triangles in my solving). If we say that one triangle has the area A, what is the area of the
two shaded regions?

My Solution

I have added dotted lines parallel to the A Ch
diagonal in the figure (Figure 1). Since the three
triangles are congruent, the dotted lines are
equally spaced by a distance h, multiples of .-~
which become the altitudes of the colored
triangles in the figure. Similarly, the right sides
of the three triangles are parallel and divide the
diagonal into three equal segments of length b.

The area A of one of the original triangles
consists of the large blue triangle and the yellow
triangle. This is given by

Figure 1

A = bh + Y bh =1/, bh.

Now the small blue triangle is similar to the small green triangle, and since both triangles have a
common altitude of length 4, they are congruent. Therefore the base of the small blue triangle is half
the length of the b segment. Hence, the total area B of the blue triangles is

B = bh + Y4 bh ="/, bh.
Therefore, the ratio of the blue area B to the area A of an original triangle is
BIA = CL)ICh) =g,
which implies the blue area is 5/6 of the area of one of the original triangles.
Datagenetics Solution

I wanted to see if 1 could solve the problem using just similar triangles, and without using
trigonometry.
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Let's call the base of each triangle w, and extend the diagonal line further to align with the edge
of the third triangle.
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We can see the extended line continues on another ¥2w, and we'll normalize the height of the
triangles to be 1.

We can draw two similar triangles, and this allows us to calculate the height h:
h/3w=1/2Vw
h=6/5
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We can see three other congruent triangles which are similar to the larger triangle. Each of these
small triangles is of height 3h.

Each of these little triangles is a scaled down version of the big triangles, and so we can see that x, is
Yew (one sixth of the width of one of the triangles; this makes sense as the difference between the two
large triangles is Y2w, and this is equally divided into three). This gives w - X = %w.

We need to calculate the altitude y of the red triangle. Again from similar triangles:
6y/5w = h/3w
y = 5h/18
But we already calculated h = 6/5, so this gives the result that y = 1/3.
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We know the area of one triangle is A, and this is with an altitude of 1, and so the area of any
triangle with the same base and altitude 1/3 (middle diagram above), will just be A/3. The
complement of this is the triangle we want, and so this works out to be 2A/3. We are halfway there.

To work on the second triangular area, we revert back to the bigger picture and put a rectangle
around the the two and half triangles and we can draw in the opposite diagonal. These cross in the
middle (you can also convince yourself of this from rotational symmetery).

Again we see similar triangles. The top of the middle triangle is just a scaled down version of the
left triangle.

Since it is half the altitude and with half the base, then it has a quarter of the area A.

Sy

From the similar nature, this quarter sized triangle will have a quarter of the area of his big brother;
Va x A = 6A.
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Result

Putting this all together the two shaded regions = %5A + Y6A = %A.

Answer: The shaded area is 7A.
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