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Root Difference 

4 July 2020 

Jim Stevenson 

This is another problem from the 2020 Math Calendar ([1] 

September). 

Find the difference between the highest and lowest roots of  

f(x) = x
3
 – 54x

2
 + 969x – 5780 

 

 

 

 

Solution 

We could try to solve this, but an alternative would be to look at the coefficients and their 

relationship to the roots.  Recall they are elementary symmetric functions of the roots, that is, if  

f(x) = ax
3
 + bx

2
 + cx + d = 0 

with a = 1 and roots λ1, λ2, λ3, then  

b = – (λ1 + λ2 + λ3) 

c = λ1 λ2 + λ2 λ3 + λ3 λ1 

d = – (λ1 λ2 λ3) 

You can check this by expanding  

f(x) = (x – λ1) (x – λ2) (x – λ3) 

In our problem it is clear that none of the roots are negative, since x < 0  f(x) < 0.  Given that 

the problem implicitly implies an order to the roots with “highest” and “lowest”, the roots must all be 

real.   

Let us first see if we can find integral roots before worrying about rationals.  So we are looking 

for 3 positive integers whose product is 5780 and sum is 54, to take the simplest relations first.  Now  

5780 = 4⋅5⋅289 = 4⋅5⋅17
2
 

and  20 + 17 + 17 = 54 

So the difference between the highest and the lowest is 20 – 17 = 3. 
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